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Basics of Faraday Rotation

The direction of linear polarization vector is rotated as CMB passes through 
ionized medium permeated by magnetic field. Faraday rotation vs temperature 
anisotropy due to magnetic field :

Angle of rotation along a line of sight is proportional to the line integral of 
comoving magnetic field (B(z)=Bobs(1+z)2)  times square of the observed 
wavelength 

Symbolically 

τ is the optical depth, depends on the free electron density of the medium.

CMB temperature anisotropy -> BPMF< few nG  sourced 
by magnetic energy quadratic in field strength. 

Faraday rotation is linear in field strength
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contribution of the galactic RM to the total FR signal
will become important.

In this paper, we investigate the imprint of the galactic
RM on CMB observables, and its impact on detectability
of the PMF via the EB and TB mode-coupling correla-
tions. We start by introducing the necessarily concepts
and reviewing the known galactic RM measurements in
Sec. II. In Sec. III, we estimate detectability of the galac-
tic RM by upcoming and future CMB experiments and
forecast future bounds on the scale-invariant PMF un-
der various assumptions. We conclude with a summary
in Sec. IV.

II. FARADAY ROTATION OF CMB
POLARIZATION

A. Basics of Faraday Rotation

A CMB experiment measures Stokes parameters in
different directions on the sky, with parameters Q and
U quantifying linear polarization. If CMB photons pass
through ionized regions permeated by magnetic fields,
the direction of linear polarization is rotated by an angle

α(n̂) = λ2
0 RM(n̂) =

3

16π2e
λ2
0

∫
τ̇ B · dl , (1)

where n̂ is the direction along the line of sight, τ̇ is the
differential optical depth, λ0 is the observed wavelength
of the radiation, B is the “comoving” magnetic field, and
dl is the comoving length element along the photon tra-
jectory. The rotation measure, RM , is a frequency inde-
pendent quantity used to describe the strength of FR.
Under the rotation of the polarization vector, the two
Stokes parameters transform as

Q(ν) + iU(ν) = (Q(0) + iU (0)) exp(2iα(ν)) , (2)

where Q(0) and U (0) are the Stokes parameters at last
scattering. As an approximation, Q(0) and U (0) can be
taken to be the observed Stokes parameters at a very
high frequency since the FR falls off as 1/ν2.

A PMF contributes to FR primarily at the time of
last scattering, just after the polarization was generated,
while the mean ionized fraction was still high, and the
field strength was strongest. Subsequently, additional FR
is produced in ionized regions along the line of sight that
contain magnetic fields, such as clusters of galaxies and
our own galaxy. Eq. (1) implies that a significant FR
angle can be produced by a small magnetic field over a
very large distance, which is the case at recombination,
or by a larger magnetic field over a smaller path, which is
the case for the Milky Way. We will not discuss FR from
clusters which are likely to have a white noise spectrum
and contribute to CMB polarization on small scales. We
are more concerned with the contribution from the Milky
Way that can look very similar to that of a scale-invariant
PMF.

In theory, it is possible to extract a map of the FR
angle by taking maps of Q and U at different frequencies
and using Eq. (2) to solve for the rotation in each pixel.
Each additional frequency channel provides a separate
measurement of α(ν) thus reducing the error bar on the
measurement of RM(n̂). Such a direct measurement of
FR may be challenging when the Q and U signal in each
pixel is dominated by noise.
Another way to extract the rotation field is from cor-

relations between E and B modes induced by FR using
quadratic estimators [17–20], which is analogous to the
method introduced in [21] for isolating the weak lensing
contribution to CMB anisotropy. Unlike a direct extrac-
tion of FR from Eq. (2), the quadratic estimator method
does not utilize frequency dependence and is statistical
in nature. It formally involves summing over all pixels of
Q and U in order to reconstruct α in a given direction
on the sky.
For small rotation angles, the relation between the

spherical expansion coefficients of the E, B and α fields
can be written as

Blm = 2
∑

LM

∑

l′m′

αLMEl′m′ξLM
lml′m′HL

ll′ , (3)

where ξLM
lml′m2

and HL
ll′ are defined in terms of Wigner 3-j

symbols as [20]

ξLM
lml′m′ ≡ (−1)m

√
(2l + 1)(2L+ 1)(2l′ + 1)

4π

×
(

l L l′

−m M m′

)
(4)

HL
ll′ ≡

(
l L l′

2 0 −2

)
, (5)

and the summation is restricted to even L+ l′+ l. Eq. (3)
implies correlations between multipoles of E and B modes
that are caused by the FR. Since the primordial T and
E are correlated, FR also correlates T and B.
The quadratic estimator method is based on assuming

Gaussianity of the primordial E mode, i.e. 〈E∗
lmEl′m′〉 =

δll′δmm′CEE
l , and summing over products of multipoles

of E and B to extract αLM [17]. Namely, given a CMB
polarization map, one constructs a quantity

D̂LM,map
ll′ =

4π

(2l + 1)(2l′ + 1)

∑

mm′

Bmap
lm Emap∗

l′m′ ξLM
lml′m′

(6)
which is a minimum variance estimator for DLM

ll′ =
2αLMCEE

l HL
ll′ [22]. Then, each pair of l and l′ provides

an estimate of αLM :

[α̂LM ]ll′ =
D̂LM,map

ll′

2CEE
l HL

ll′
, (7)

with the optimal estimate of αLM obtained from an ap-
propriately weighted average over all available ll′ pairs.
We refer the reader to [20] for further details of the



CMB B-mode spectra at 
30GHz due to Faraday 

Rotation caused by 
primordial and Milky 
way magnetic field

PMF (1 nG) B-mode peak 
power ≈0.03(μK)2 .

Galactic (RM ≈30 rad/m2 ) 
and at 30GHz givens a 

rotation angle 3 X10-3 rad.
B-mode peak power

≈0.01 (μK)2   
PMF is assumed to be scale-

invariant. 
Similar shape of B-mode 
spectra from PMF and 
Galactic magnetic field. 

Galactic RM data is 
from Oppermann et al 

(2012)



Galactic RM detection

(+DL) ->fDL=0.01
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Name - freq (GHz) fsky FWHM (arcmin) ∆P (µK-arcmin) (S/N)EB (+DL) (S/N)TB (+DL) (S/N)BB (+DL)

Planck LFI - 30 0.6 33 240 5.3E-4 (same) 2.2E-3 (same) 2.3E-4 (same)

Planck HFI - 100 0.7 9.7 106 1.4E-3 (same) 7.5E-4 (same) 6E-5 (same)

Polarbear - 90 0.024a 6.7 7.6 1.3E-2 (1.5E-2) 1.6E-3 (2.0E-3) 4.6E-4 (6.0E-4)

QUIET II - 40 0.04a 23 1.7 0.3 (0.8) 0.05 (0.2) 0.02 (0.08)

CMBPOL - 30 0.6 26 19 1.0 (same) 0.4 (same) 0.05 (same)

CMBPOL - 45 0.7 17 8.25 2.1 (2.3) 0.8 (0.9) 0.12 (0.15)

CMBPOL - 70 0.7 11 4.23 2.0 (2.6) 0.6 (0.9) 0.08 (0.14)

CMBPOL - 100 0.7 8 3.22 1.4 (2.0) 0.3 (0.6) 0.03 (0.07)

Suborbital - 30 0.1 1.3 3 2.0 (3.1) 0.3 (0.7) 0.08 (0.2)

Space - 30 0.6 4 1.4 18 (28) 7 (14) 5 (30)

Space - 90 0.7 4 1.4 3.3 (6.8) 1.0 (2.4) 0.09 (0.64)

TABLE I: S/N of the overall detection of the galactic RM spectrum with Planck, Polarbear, QUIET, CMBPOL and
optimistic future sub-orbital and space experiments. Results are presented without and with (+DL) de-lensing by a

factor fDL = 0.01. (a based on 0.1 of RM sky.)

Note that even for a small sky coverage, the SNR receives
a non-zero contribution from the smallest multipoles L
of the rotation angle. This is because large angle features
of RM couple small angle features of CMB, and there
will be ll′ pairs (see Eq. (7)) giving an estimate of RM at
small L no matter how small fsky is. However, the smaller
the sky coverage, the smaller is the number of available
ll′ pairs leading to larger statistical errors.

In addition to the EB estimator, one may also want
to know how detectable the Milky Way RM is in the B-
mode spectrum. In this case, the signal is the B-mode
spectrum generated by the FR inside the galaxy, CBB,G

L
(see Fig. 1). The squared SNR is

(
S

N

)2

BB

=
Lmax∑

L=2

fsky

2
(2L + 1)

(
CBB,G

L

C̃BB
L

)2

. (26)

where C̃BB
L is given by Eq. (21) and includes contribu-

tions from galaxy, weak lensing and instrumental noise.
In Fig. 4, we plot contributions to the net SNR in de-

tection of the galactic RM spectrum, given by Eq. (4),
received per lnL. We show four different cases, all at 30
GHz, corresponding to hypothetical future sub-orbital
and space based experiments, with and without de-
lensing by a factor fDL = 0.01. We assume that the sub-
orbital experiment will cover fsky = 0.1 with ∆P = 3µK-
arcmin and FWHM of 1.3′, while the space-based probe
will cover fsky = 0.6 (based on Planck’s 30 GHz sky
mask) with ∆P = 1.4µK-arcmin and FWHM of 4′. Note
that, as shown in Fig. 3, elimination of the galactic plane
significantly reduces the amplitude of the galactic RM
spectrum signal. Thus, the overall SNR of detection of
the galactic RM spectrum is only of O(1) for the most op-
timistic sub-orbital experiment, with de-lensing making
a relatively minor difference. In contrast, a space-based
probe can detect the galactic RM at a high confidence
level, with most of the signal coming from 4 < L < 100.
This means that CMB polarization can, in principle, be

used to reconstruct the galactic RM map at a resolution
of up to a degree. De-lensing the CMB maps can further
improve the accuracy of the reconstruction.

In Table I, we forecast the SNR in detection of the
galactic RM spectrum for several ongoing, proposed and
hypothetical experiments. For experiments with fsky <
0.1, such as QUIET and POLARBEAR, we use CRM

L
with the fsky = 0.1 cut of the RM map (the bottom line
in Fig. 3) around the galactic plane. Thus, our estimates
assume that QUIET and POLARBEAR will observe in
patches that are close to the galactic poles where statisti-
cal properties of the galactic RM become independent of
the exact size of the patch. This expectation is justified
by the fact that latitude dependence essentially disap-
pears as one approaches the poles, which is quantified in
Fig. 1 of [16].

We separately show results based on the EB, TB and
BB estimators, with and without de-lensing. The results
allow us to make the following conclusions. Firstly, the
galactic RM will be invisible in Planck’s polarization
maps. Secondly, the galactic RM spectrum is unlikely to
be detected by a sub-orbital experiment covering a small
fraction of the sky near the galactic poles, at least not
via the mode-coupling quadratic estimators or its contri-
bution to the B-mode spectrum, unless very optimistic
assumptions are made about its resolution and sensitiv-
ity. Thirdly, space-based polarization probes, such as the
proposed CMBPOL mission, should take the galactic RM
into account. We note that our analysis does not cover
the possibility of the galactic RM being detected directly
from Eq. (2) by utilizing the frequency dependence of
Stokes parameters. This may turn out to be a more sen-
sitive method for future multi-frequency CMB experi-
ments with sufficiently low instrumental noise. We leave
investigation of this possibility for future work.



2σ  bounds on effective PMF

fDG =0.1, fDL =0.01

ArXiv: (SD,LP,TV) http://arxiv.org/abs/1305.7225
Recovery of MW RM from CMB polarization data: De and Mauskopf, Dec 2013 , in prep
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Name - freq (GHz) fsky (fopt
sky ) FWHM (arcmin) ∆P (µK-arcmin) Beff (2σ, nG) +DL (nG) +DL+DG (nG)

Planck LFI - 30 0.6 33 240 16b same same

Planck HFI - 100 0.7 9.7 106 23 same same

Polarbear - 90 0.024a 6.7 7.6 3.3 3.0 same

QUIET II - 40 0.04a 23 1.7 0.46 0.26 0.25

CMBPOL - 30 0.6 26 19 0.56 0.55 0.51

CMBPOL - 45 0.7 17 8.25 0.38 0.35 0.29

CMBPOL - 70 0.7 11 4.23 0.39 0.32 0.26

CMBPOL - 100 0.7 8 3.22 0.52 0.4 0.34

Suborbital - 30 0.1 1.3 3 0.09 0.07 0.05

Suborbital - 90 0.1 1.3 3 0.63 0.45 same

Space - 30 0.6 (0.2) 4 1.4 0.06 0.04 0.02

Space - 90 0.7 (0.4) 4 1.4 0.26 0.15 0.12

TABLE II: The expected 2σ bound in nano-Gauss on the strength of a scale-invariant PMF. Without de-lensing and
with de-lensing (+DL) by a factor fDL = 0.01, and with additional removal of the galactic RM by a factor fDG = 0.1
(+DL+DG). Note that for full sky experiments, there is an optimal sky cut (fopt

sky ) that gives the best bounds on the
PMF. (a based on 0.1 of RM sky; b from TB estimator.)

! "# "! $#
%&'()*+,-./01

!

"#

"!

$#

2
3
/4
5
)*
µ
6
!
+
,-
.
/0
1

! "# "! $#

!

"#

"!

$#

! "# "! $#
%&'()*+,-./01

!

"#

"!

$#

2
3
/4
5
)*
µ
6
!
+
,-
.
/0
1

#7"#)08

#7"!)08

#7$#)08

#7$!)08

#79#)08

5 10 15 20
FWHM (arcmin)

5

10

15

20

5 10 15 20

5

10

15

20

5 10 15 20
FWHM (arcmin)

5

10

15

20

0.05 nG

0.10 nG

0.15 nG

0.20 nG

0.25 nG

0.30 nG

5 10 15 20
FWHM (arcmin)

5

10

15

20

5 10 15 20

5

10

15

20

5 10 15 20
FWHM (arcmin)

5

10

15

20

0.05 nG

0.10 nG

0.15 nG

0.20 nG

0.25 nG

FIG. 6: Contour plots of the 2σ bound on Beff (in nG) in the instrumental noise – CMB resolution plane, with the
frequency channel taken to be 30 GHz. The left panel shows the case with no de-lensing (fDL = 1) and without
subtracting the Milky Way RM (fDG = 1). The middle panel is with fDL = 0.01, while the right panel is with

fDL = 0.01 and fDG = 0.1. It is assumed that up to 0.6 of the sky is available and an optimal sky cut is found in
each case.

periments can be almost as effective as space borne exper-
iments, and the obstruction caused by the galaxy is rela-
tively weak if the observed patch is near the poles. Also,
as the mode-coupling correlations of CMB are mostly
sourced by the largest scale features (low L) of the ro-
tation measure, a full sky CMB map is not necessary to
access the PMF on the largest scales.

Our results on the sensitivities of various experiments
to the galactic magnetic field are summarized in Table I.
Similarly in Table II we show the effective magnetic field
strength that can be constrained by those experiments,
taking into account the lensing of the CMB and the FR
due to the Milky Way. The dependence of the observable
PMF to the parameters of the experiment are shown in
Fig. 6.

Here we have focussed on the observability of CMB
FR at a single frequency. Cross-correlating polarization

maps at multiple frequencies with comparable sensitivity
to FR can further boost the significance of detection.
We will address this possibility in a future publication.
Also, frequency dependence of polarization can be used
to separate out FR induced B-modes from those induced
by gravitational waves.
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E-mode polarization spectra of 21 cm photons after they pass through the 
Milky Way
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B-mode polarization spectra of 21cm photons after they pass 
through the Milky Way
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Circular polarization of CMB ?

Magnetic field, relativistic electrons due to the process of 

Faraday conversion creates circular polarization in CMB. 

We don’t expect CMB to have circular polarization at the 

surface of last scattering. Current upper limit on V/TCMB  

~10-4 (Ref: Mainini, 2013) using MIPOL at Testa Grigia 

observatory at the Italian Alps.

The Milky way magnetic field is too small to generate any 

significant effect.

Explosion of first stars have good prospects of generating 

conditions for CMB circular polarization. Therefore could 

CMB circular polarization be a good probe for the  

unobserved first stars? Could galaxy clusters be a 

significant source as well?



Steps to get  to the V-parameter, the degree of circular 
polarization 

  

€ 

dV
ds
(z,  x ,  n ) = U(z,  x ,  n )δKr(z,

 x ,  n ,  n B )

€ 

δKr => (Nr
tot ,γL ,B,θB ,ν L ,ν,β)

€ 

Cl
VV =<VlmVlm

* >=> (P(k),Pα ,PElm )

(Sazonov,1969)

Linear polarization of CMB

Path length to the observers
Properties of the first stars or

 the galaxies 

number density of the 
relativistic electrons

frequency of the CMB photons

spectral index of the 
relativistic electrons

lower limit of the 
Lorentz factor Larmor’s frequencyAngle 

between line 
of sight and 

B

(De & Tashiro, in prep,Dec 2013)

growth of structure

linear polarization

First star 
astrophysics



!" !"" !"""
#

!"!$

!"!%

!"!&

!"!'

!"!!

!""

#(
#)
!
*+

#,(
'
!
*-
(!
.
*'

''/&010'&/2
'"/&010''/&

Predicted Signal of V

semi-analytic 



!"# !"$ !"% !"& !"!" !"!! !"!'

(

!"!''

!"!'"

!"!!%

!"!!#

!"!!)

!"!!'

!"!!"

!"!%

*
+
*
(
,(
-
.
/
!
0 12'3

12'!
12!$

Number density per mass bin



!"!" !"!# !"!$ !"!% !"!&

'

!"!#%

!"!#$

!"!##

!"!#"

!"!!&

!"!!%

!"!!$

!"!!#

(
)
(
'
*'
+
,
-
!
. /01
/0!2&
/0"2&

Number density per mass bin of galaxy clusters



1 10
z

0.0001

0.0010

0.0100

0.1000

1.0000

(D
!
/r

)2
 

Pop III 1Myr
galaxy cluster

Comparison of Astrophysical contributions

semi-analytic 



 100

 1000

 10000

 100000

 1e+06

 1e+07

 1e+08

 1e+09

 0.0001  0.001  0.01  0.1  1  10

First stars (z=20)
Galaxy (z=1)

k in Mpc^-1

P(k)



Conclusion and Future prospects

Low frequency measurement of V signal 
at high multipoles is a relatively 
foreground free way to detect the first 
stars and unique frequency signature 
(De and Tashiro in prep, 2013).
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Astrophysical Magnetic Fields

Voids white 
dwarfs

Clusters, 
Galaxies

Neutron 
starsstars

10610-9 103110-6 10-3 109

magnetic field in Gauss

1026 10101025 
 1023 109 106

linear size in cm

mass in solar mass units

1013

1011
1 1 1

Magnetic fields 
are prevalent in 
galaxies and 
galaxy 
clusters. Field 
strengths are 
typically 1μG 
and 1-10 μG 
with coherence 
lengths of 1 
Kpc and 10-100 
Kpc 
respectively



How to recover faraday rotation angle from CMB data ?

At a given frequency 
band explore the 

coupling between E-
modes and Faraday 

rotation (FR) induced B-
modes. 
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contribution of the galactic RM to the total FR signal
will become important.

In this paper, we investigate the imprint of the galactic
RM on CMB observables, and its impact on detectability
of the PMF via the EB and TB mode-coupling correla-
tions. We start by introducing the necessarily concepts
and reviewing the known galactic RM measurements in
Sec. II. In Sec. III, we estimate detectability of the galac-
tic RM by upcoming and future CMB experiments and
forecast future bounds on the scale-invariant PMF un-
der various assumptions. We conclude with a summary
in Sec. IV.

II. FARADAY ROTATION OF CMB
POLARIZATION

A. Basics of Faraday Rotation

A CMB experiment measures Stokes parameters in
different directions on the sky, with parameters Q and
U quantifying linear polarization. If CMB photons pass
through ionized regions permeated by magnetic fields,
the direction of linear polarization is rotated by an angle

α(n̂) = λ2
0 RM(n̂) =

3

16π2e
λ2
0

∫
τ̇ B · dl , (1)

where n̂ is the direction along the line of sight, τ̇ is the
differential optical depth, λ0 is the observed wavelength
of the radiation, B is the “comoving” magnetic field, and
dl is the comoving length element along the photon tra-
jectory. The rotation measure, RM , is a frequency inde-
pendent quantity used to describe the strength of FR.
Under the rotation of the polarization vector, the two
Stokes parameters transform as

Q(ν) + iU(ν) = (Q(0) + iU (0)) exp(2iα(ν)) , (2)

where Q(0) and U (0) are the Stokes parameters at last
scattering. As an approximation, Q(0) and U (0) can be
taken to be the observed Stokes parameters at a very
high frequency since the FR falls off as 1/ν2.

A PMF contributes to FR primarily at the time of
last scattering, just after the polarization was generated,
while the mean ionized fraction was still high, and the
field strength was strongest. Subsequently, additional FR
is produced in ionized regions along the line of sight that
contain magnetic fields, such as clusters of galaxies and
our own galaxy. Eq. (1) implies that a significant FR
angle can be produced by a small magnetic field over a
very large distance, which is the case at recombination,
or by a larger magnetic field over a smaller path, which is
the case for the Milky Way. We will not discuss FR from
clusters which are likely to have a white noise spectrum
and contribute to CMB polarization on small scales. We
are more concerned with the contribution from the Milky
Way that can look very similar to that of a scale-invariant
PMF.

In theory, it is possible to extract a map of the FR
angle by taking maps of Q and U at different frequencies
and using Eq. (2) to solve for the rotation in each pixel.
Each additional frequency channel provides a separate
measurement of α(ν) thus reducing the error bar on the
measurement of RM(n̂). Such a direct measurement of
FR may be challenging when the Q and U signal in each
pixel is dominated by noise.
Another way to extract the rotation field is from cor-

relations between E and B modes induced by FR using
quadratic estimators [17–20], which is analogous to the
method introduced in [21] for isolating the weak lensing
contribution to CMB anisotropy. Unlike a direct extrac-
tion of FR from Eq. (2), the quadratic estimator method
does not utilize frequency dependence and is statistical
in nature. It formally involves summing over all pixels of
Q and U in order to reconstruct α in a given direction
on the sky.
For small rotation angles, the relation between the

spherical expansion coefficients of the E, B and α fields
can be written as

Blm = 2
∑

LM

∑

l′m′

αLMEl′m′ξLM
lml′m′HL

ll′ , (3)

where ξLM
lml′m2

and HL
ll′ are defined in terms of Wigner 3-j

symbols as [20]

ξLM
lml′m′ ≡ (−1)m

√
(2l + 1)(2L+ 1)(2l′ + 1)

4π

×
(

l L l′

−m M m′

)
(4)

HL
ll′ ≡

(
l L l′

2 0 −2

)
, (5)

and the summation is restricted to even L+ l′+ l. Eq. (3)
implies correlations between multipoles of E and B modes
that are caused by the FR. Since the primordial T and
E are correlated, FR also correlates T and B.
The quadratic estimator method is based on assuming

Gaussianity of the primordial E mode, i.e. 〈E∗
lmEl′m′〉 =

δll′δmm′CEE
l , and summing over products of multipoles

of E and B to extract αLM [17]. Namely, given a CMB
polarization map, one constructs a quantity

D̂LM,map
ll′ =

4π

(2l + 1)(2l′ + 1)

∑

mm′

Bmap
lm Emap∗

l′m′ ξLM
lml′m′

(6)
which is a minimum variance estimator for DLM

ll′ =
2αLMCEE

l HL
ll′ [22]. Then, each pair of l and l′ provides

an estimate of αLM :

[α̂LM ]ll′ =
D̂LM,map

ll′

2CEE
l HL

ll′
, (7)

with the optimal estimate of αLM obtained from an ap-
propriately weighted average over all available ll′ pairs.
We refer the reader to [20] for further details of the
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and using
∫

d2k̂e−ik·n̂ηe+ik·n̂′η′
= 4π

∑

l

(2L+ 1)jL(kη)jL(kη
′)PL(n̂ · n̂′) . (24)

where jL(x) are Bessel functions and PL(x) are Legendre polynomials. Hence, 〈α(n̂)α(n̂′)〉 depends only on n̂ · n̂′ as
expected. As a consequence, the correlator of α’s can be expanded into Legendre series

〈α(n̂)α(n̂′)〉 =
∑

L

(2L+ 1)

4π
Cαα

L PL(n̂ · n̂′) (25)

and the FR correlators can also be written as 〈α∗
LMαL′M ′〉 = Cαα

L δLL′δMM ′ , where αLM are the coefficients in the
spherical harmonic decomposition of the FR angle,

α(n̂) =
∑

L,M

αLMYLM (n̂) . (26)

Now combining (23) and (24), and introducing j′L(x) ≡ ∂xjL(x), we can write

〈α(n̂)α(n̂′)〉 =

(
3λ2

0

16π2e

)2
2

π

∫
k2dkS(k)

∫
dη

∫
dη′τ̇(η)τ̇(η′)

×
∑

L

(2L+ 1)

4π
[(n̂ · n̂′)PL(n̂ · n̂′)jL(kη)jL(kη

′)− j′L(kη)j
′
L(kη

′)PL(n̂ · n̂′)] . (27)

Applying the recursion relation

(L+ 1)PL+1(x) = (2L+ 1)xPL(x)− LPL−1(x) (28)

to the (n̂ · n̂′)PL(n̂ · n̂′) term in (27) results in

〈α(n̂)α(n̂′)〉 =

(
3λ2

0

16π2e

)2
2

π

∫
k2dkS(k)

∫
dη

∫
dη′τ̇(η)τ̇(η′)

∑

L

(2L+ 1)

4π
PL(n̂ · n̂′)

×
[

L

2L+ 1
jL−1(kη)jL−1(kη

′) +
L+ 1

2L+ 1
jL+1(kη)jL+1(kη

′)− j′L(kη)j
′
L(kη

′)

]
. (29)

In analogy with the way CL’s are evaluated for CMB, it is convenient to introduce “transfer” functions TL(k) and

T (1)
L (k) defined as

TL(k) ≡
∫ η0

η∗

dη τ̇(η)jL(k(η0 − η))

T (1)
L (k) ≡

∫ η0

η∗

dη τ̇(η)j′L(k(η0 − η)) (30)

where, as defined above, η∗ is the epoch at which the visibility function is maximum and η0 is the present epoch.
Using these transfer functions in (29) and comparing to (25) allows us to write

Cαα
L =

2

π

∫
dk

k
∆2

M (k)

[
L

2L+ 1
(TL−1(k))

2 +
L+ 1

2L+ 1
(TL+1(k))

2 − (T (1)
L (k))2

]
. (31)

The function T (1)
L can be expressed in terms of T functions by using the relation

j′L(x) =
1

2L+ 1
[LjL−1(x)− (L+ 1)jL+1(x)] . (32)

This gives

T (1)
L =

1

2L+ 1
[LTL−1 − (L+ 1)TL+1] . (33)

The functions TL(k) are independent of the magnetic field, and can be easily evaluated numerically using the ionization
history from CMBFAST.

Eq. (31) is our final result for the FR correlation function. It will be useful in Sec. IV where we find CBB
l in the

thin LSS approximation. However, the result is not useful in the general case of a thick LSS because then CBB
l is not

simply related to Cαα
L .

2

contribution of the galactic RM to the total FR signal
will become important.
In this paper, we investigate the imprint of the galactic

RM on CMB observables, and its impact on detectability
of the PMF via the EB and TB mode-coupling correla-
tions. We start by introducing the necessarily concepts
and reviewing the known galactic RM measurements in
Sec. II. In Sec. III, we estimate detectability of the galac-
tic RM by upcoming and future CMB experiments and
forecast future bounds on the scale-invariant PMF un-
der various assumptions. We conclude with a summary
in Sec. IV.

II. FARADAY ROTATION OF CMB
POLARIZATION

A. Basics of Faraday Rotation

A CMB experiment measures Stokes parameters in
different directions on the sky, with parameters Q and
U quantifying linear polarization. If CMB photons pass
through ionized regions permeated by magnetic fields,
the direction of linear polarization is rotated by an angle

α(n̂) = λ2
0 RM(n̂) =

3

16π2e
λ2
0

∫
τ̇ B · dl , (1)

where n̂ is the direction along the line of sight, τ̇ is the
differential optical depth, λ0 is the observed wavelength
of the radiation, B is the “comoving” magnetic field, and
dl is the comoving length element along the photon tra-
jectory. The rotation measure, RM , is a frequency inde-
pendent quantity used to describe the strength of FR.
Under the rotation of the polarization vector, the two
Stokes parameters transform as

Q(ν) + iU(ν) = (Q(0) + iU (0)) exp(2iα(ν)) , (2)

where Q(0) and U (0) are the Stokes parameters at last
scattering. As an approximation, Q(0) and U (0) can be
taken to be the observed Stokes parameters at a very
high frequency since the FR falls off as 1/ν2.
A PMF contributes to FR primarily at the time of

last scattering, just after the polarization was generated,
while the mean ionized fraction was still high, and the
field strength was strongest. Subsequently, additional FR
is produced in ionized regions along the line of sight that
contain magnetic fields, such as clusters of galaxies and
our own galaxy. Eq. (1) implies that a significant FR
angle can be produced by a small magnetic field over a
very large distance, which is the case at recombination,
or by a larger magnetic field over a smaller path, which is
the case for the Milky Way. We will not discuss FR from
clusters which are likely to have a white noise spectrum
and contribute to CMB polarization on small scales. We
are more concerned with the contribution from the Milky
Way that can look very similar to that of a scale-invariant
PMF.

In theory, it is possible to extract a map of the FR
angle by taking maps of Q and U at different frequencies
and using Eq. (2) to solve for the rotation in each pixel.
Each additional frequency channel provides a separate
measurement of α(ν) thus reducing the error bar on the
measurement of RM(n̂). Such a direct measurement of
FR may be challenging when the Q and U signal in each
pixel is dominated by noise.
Another way to extract the rotation field is from cor-

relations between E and B modes induced by FR using
quadratic estimators [17–20], which is analogous to the
method introduced in [21] for isolating the weak lensing
contribution to CMB anisotropy. Unlike a direct extrac-
tion of FR from Eq. (2), the quadratic estimator method
does not utilize frequency dependence and is statistical
in nature. It formally involves summing over all pixels of
Q and U in order to reconstruct α in a given direction
on the sky.
For small rotation angles, the relation between the

spherical expansion coefficients of the E, B and α fields
can be written as

Blm = 2
∑

LM

∑

l′m′

αLMEl′m′ξLM
lml′m′HL

ll′ , (3)

where ξLM
lml′m2

and HL
ll′ are defined in terms of Wigner 3-j

symbols as [20]

ξLM
lml′m′ ≡ (−1)m

√
(2l + 1)(2L+ 1)(2l′ + 1)

4π

×
(

l L l′

−m M m′

)
(4)

HL
ll′ ≡

(
l L l′

2 0 −2

)
, (5)

and the summation is restricted to even L+ l′+ l. Eq. (3)
implies correlations between multipoles of E and B modes
that are caused by the FR. Since the primordial T and
E are correlated, FR also correlates T and B.
The quadratic estimator method is based on assuming

Gaussianity of the primordial E mode, i.e. 〈E∗
lmEl′m′〉 =

δll′δmm′CEE
l , and summing over products of multipoles

of E and B to extract αLM [17]. Namely, given a CMB
polarization map, one constructs a quantity

D̂LM,map
ll′ =

4π

(2l + 1)(2l′ + 1)

∑

mm′

Bmap
lm Emap∗

l′m′ ξLM
lml′m′

(6)
which is a minimum variance estimator for DLM

ll′ =
2αLMCEE

l HL
ll′ [22]. Then, each pair of l and l′ provides

an estimate of αLM :

[α̂LM ]ll′ =
D̂LM,map

ll′

2CEE
l HL

ll′
, (7)

with the optimal estimate of αLM obtained from an ap-
propriately weighted average over all available ll′ pairs.
We refer the reader to [20] for further details of the
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B-mode spectra (PMF)
Stochasticity and isotropy allows us to write

〈B∗
l′m′Blm〉 = 4

∑

LM

∑

L′M ′

∑

l2m2

∑

l′2m
′
2

ξLM
lml2m2

HL
ll2ξ

L′M ′

l′m′l′2m
′
2
HL′

l′l′2
〈α∗

LME∗
l2m2

αL′M ′El′2m
′
2
〉

= δll′δmm′4
∑

L

(2L+ 1)

4π
Cαα

L

∑

l2

(2l2 + 1)CEE
l2 (HL

ll2)
2

CBB
l =

1

π

∑

L

(2L+ 1)Cαα
L

∑

l2

(2l2 + 1)CEE
l2 (HL

ll2)
2



E,B-mode spectra (21 cm)
Fluctuations of neutral are only due to baryonic density and ionization fluctuations, 

hence only E-modes. Polarization due to ionization fluctuations dominate at EoR. 
This depends on EoR models.


