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III. THE EQUATION OF STATE OF UNIFORM NUCLEAR MATTER

Useful parameters characterizing the EoS of isospin asymmetric nuclear matter around

SNM (proton fraction x = 0.5; � = 0) and the saturation density of SNM ns can be derived

by expanding E(n, x) in a power series in the isospin asymmetry � = 1� 2x and the density

parameter ⇥ = n�n0
3n0

E(n, x) = E0(n) + S(n)�2 + ... (9)

E0(n) = E0 +
1
2K0⇥

2 + ... (10)

S(n) = J + L⇥+ 1
2Ksym⇥

2 + ... (11)

EPNM(n) ⇥ E0(n) + S(n) (12)

E0(n) = E(n, 0.5) is the binding energy per nucleon of SNM and S(n) = 1
2⌃

2E(n, x)/⌃�2x=0.5

is the nuclear symmetry energy. K0 is the incompressibility of SNM at saturation density.

J = S(n0), L = ⌃S(n)/⌃⇥|n=n0 and Ksym are the value of the symmetry energy, its slope

and its curvature at saturation density. In particular, the pressure of pure neutron matter at

sub-saturation densities, which plays a large role in determining the equilibrium composition

of the crust, can be expressed as

PPNM =
n2

3n0
[L+ (K0 +Ksym)⇥+ ...]. (13)

to the leading two orders.

Throughout most of this paper we will mainly use the modified Skyrme-like (MSL) pa-

rameterization of the nuclear matter EoS E(n, �) [59] (see appendix A) as our description

of uniform nuclear matter as a function of density and isospin asymmetry. The MSL model

has the same number of free parameters as the Skyrme description of uniform nuclear mat-

ter; the di�erence is that the MSL parameters can be analytically related to the properties

of uniform nuclear matter at saturation density, allowing a smooth variation of, e.g., the

symmetry energy at saturation J and its slope L, while holding fixed the isospin symmetric

part of the EoS. For comparison, we will also use a similar phenomenological EoS whose

form was originally written down by Bludman and Dover [60] (which we will refer to as BD,

see also appendix A), which was later modified and used to study finite nuclei and inner

crust composition by Oyamatsu and Iida (OI) [10, 61], and a selection of Skyrme EoSs [62]

whose basic properties are given in Table 1. The BD model has two fewer free parameters
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nucleon interactions as they are manifested in a many-nucleon context. A useful concept
that bridges the gap between ab initio nucleon-nucleon calculations, nuclear experimental
observables, and neutron star matter is that of uniform nuclear matter (NM). This is an
idealized system, homogeneous and infinite in extent, of neutrons and protons interacting
solely via the strong force. The energy per particle of such a system at a density ⇥ and
proton fraction x, E(⇥, x), is referred to as the nuclear matter equation of state (NM EOS).
In the regions of the neutron star core where protons and neutrons exist, the NM EOS
can be combined with the electron energy, and under conditions of charge neutrality and
beta-equilibrium gives an EOS for the core. In the inner crust, the NM EOS can be used
to describe the dripped neutrons (x = 0) and the bulk matter in the nuclear clusters. A
consistent model for the EOS of crust and core necessarily uses a unique NM EOS, and one
should expect parameters characteristic of a given NM EOS to correlate with both crust and
core properties.

Nuclear matter with equal numbers of neutrons and protons (x = 0.5) is referred to as
symmetric nuclear matter (SNM); nuclear matter with x = 0.0 is naturally referred to as
pure neutron matter (PNM). Nuclei on Earth contain closely symmetric nuclear matter at
densities close to nuclear saturation density ⇥0 ⇧ 2.7 ⇥ 1014 g cm�3 ⇤ 0.16 fm�3 = n0,
where we use n to refer to baryon number density. Thus experiment has constrained the
properties of E(⌅ n0,⌅ 0.5) to within relatively tight ranges, but the properties of PNM
remain uncertain from an experimental standpoint. In the past decade, much experimen-
tal activity has been devoted to extending our knowledge of nuclear interactions to more
neutron-rich systems and to higher and lower densities. Although we cannot produce pure
neutron matter in the laboratory, we can produce matter with proton fractions as low as
x ⇧ 0.3 in certain neutron rich isotopes and in the products of heavy ion collisions. This
allows us to obtain information on how E(⌅ n0, x) changes as x decreases.

By expanding E(n, x) about x = 0.5 using the isospin asymmetry variable � = 1�2x,
we can define a useful quantity called the symmetry energy S(n),

E(n, �) = E0(n) + S(n)�2 + ...; S(n) =
1

2

⌥2E(n, �)

⌥�2

����
�=0

, (1)

which encodes the change in the energy per particle of NM as one moves away from isospin
symmetry. This allows extrapolation to the highly isospin asymmetric conditions in neutron
stars. The simplest such extrapolation, referred to as the parabolic approximation (PA),
truncates the expansion to second order, giving

EPNM(n) ⇤ E(n, � = 1) ⇧ E0(n) + S(n) (2)

for the PNM EOS. Expanding the symmetry energy about ⇤ = 0 where ⇤ = n�n0
3n0

we
obtain

S(n) = J + L⇤+ 1
2Ksym⇤

2 + ..., (3)

where J , L and Ksym are the symmetry energy, its slope and its curvature at saturation
density.

Since neutron star matter contains a low fraction of protons, many inner crust and global
stellar properties are sensitive to the symmetry energy parameters J ,L, etc. To give a sim-
ple example, the pressure of PNM at saturation density is given by PPNM(n0)=n0L/3. The

K(α) = K0 + Kasyα
2 (2.12)

where K0 is the incompressibility of symmetric nuclear matter at the nuclear matter saturation
density ρ0. TheKasy in the isospin-dependent part [42]

Kasy ≈ Ksym − 6L (2.13)

characterizes the density dependence of the nuclear symmetry energy. In principle, the infor-
mation on Kasy can be extracted experimentally by measuring the giant monopole resonance
(GMR) of neutron-rich nuclei. Earlier attempts to extract the value of Kasy from experimental
GMR data resulted in widely different values. For example, a value of Kasy = −320 ± 180
MeV was obtained in Ref. [228] from a study of the systematics of GMR in the isotopic chains
of Sn and Sm while the K0 was found to be 300 ± 25 MeV, in contrast with the commonly
accepted value of 230 ± 10 MeV. A subsequent systematic study of the GMR of finite nuclei
leads to a constraint of −566 ± 1350 < Kasy < 139 ± 1617 MeV, depending on the mass
region of nuclei and the number of parameters used in parameterizing the incompressibility of
finite nuclei [229]. The large uncertainties in the extracted Kasy thus does not allow one to dis-
tinguish the different nuclear symmetry energies from theoretical models. Very recently, from
measurements of the isotopic dependence of GMR in the even-A Sn isotopes a more stringent
value ofKasy = −550±100MeV was obtained in Ref. [230]. This result is consistent with that
extracted from the analysis of the isospin diffusion data [56,71].

Fig. 8. (Color online) Left window: Density dependence of the nuclear symmetry energy Esym(ρ) from
SHFwith 21 sets of Skyrme interaction parameters [71]. Right window: Same as left panel from the RMF
model for the parameter sets NL1, NL2, NL3, NL-SH, TM1, PK1, FSU-Gold, HA, NLρ, and NLρδ in the
nonlinear RMF model (solid curves); TW99, DD-ME1, DD-ME2, PKDD, DD, DD-F, and DDRH-corr
in the density-dependent RMF model (dashed curves); and PC-F1, PC-F2, PC-F3, PC-F4, PC-LA, and
FKVW in the point-coupling RMF model (dotted curves) [211].

The symmetry energies at normal nuclear matter density from various theoretical models are
usually tuned to that determined from the empirical liquid-dropmass formula, which has a value
of Esym(ρ0) around 30 MeV [8,9]. For example, in the non-relativistic SHF approach [72], the
predicted values forEsym(ρ0) are between 26 and 35MeV depending on the nuclear interactions
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•  What	  constraints	  can	  we	  add	  from	  astrophysical	  observaUon?	  
•  How	  can	  experimental	  constraints	  inform	  our	  interpretaUon	  of	  observaUons?	  

MoUvaUon:	  symmetry	  energy	  sensiUve	  observables	  



•  Cas	  A	  NS:	  birth	  date	  1680	  ±	  20yr	  (Fesen	  et	  al	  2006)	  
•  Thermal	  emission	  best	  fit*	  using	  a	  Carbon	  atmosphere	  model	  (Ho	  &	  Heinke	  2009)	  	  
 è	  <Teff>	  ≈_2.1	  x	  106	  K.	  	  

•  Subsequent	  analysis	  of	  Chandra	  data	  taken	  over	  the	  previous	  decade	  è	  evidence	  for	  rapid	  	  
decrease	  in	  surface	  temperature	  by	  ≈	  4%	  (Heinke	  &	  Ho	  2010).	  
•  Detailed	  analysis	  of	  Chandra	  	  all	  X-‐ray	  detectors	  and	  modes	  è	  2-‐5.5%	  temperature	  	  
decline	  over	  the	  same	  Ume	  interval	  (Elshamouty	  et	  al.	  2013).	  	  
•  DefiniUve	  measurements	  difficult	  	  (surrounding	  bright	  and	  variable	  supernova	  
	  remnant)	  
	  
*	  “best”	  means	  most	  consistent	  with	  an	  emidng	  area	  of	  order	  the	  total	  neutron	  star	  surface	  

325 330 335 340

2.02x106

2.04x106

2.06x106

2.08x106

2.1x106

2.12x106

2.14x106

2.16x106

2.18x106

 

 

 Cas A 

T ef
f (K

)

Age (yrs)

Cooling	  of	  Cas	  A	  NS	  



•  Minimal	  cooling	  paradigm	  (MCP)	  (Page	  et	  al	  2004)	  (only	  nucleonic	  
components;	  fast	  ν-‐emission	  processes	  (dUrca)	  excluded):	  	  

•  Rapid	  cooling	  of	  the	  Cas	  A	  NS	  (CANS)	  from	  enhanced	  neutrino	  emission	  from	  
neutron	  3P2	  Cooper	  pair	  breaking	  and	  formaUon	  (PBF)	  in	  the	  core	  (superfluid	  
phase	  transiUon)	  

•  AlternaUves:	  medium	  modificaUons	  to	  standard	  ν-‐emission	  processes,	  quark	  
phases…	  	  (Blaschke	  et	  al.	  2012;	  Sedrakian	  2013)	  

Cooling	  of	  Cas	  A	  NS:	  Evidence	  for	  an	  astrophysical	  superfluid	  transiUon?	  

Page	  et	  al	  2011	   Shternin	  et	  a	  2011	  



•  Max.	  of	  criUcal	  temperature	  Tcmax	  controls	  age	  at	  which	  star	  enters	  PBF	  cooling	  
phase	  

•  Core	  temperature	  at	  onset	  of	  PBF	  cooling	  phase,	  TPBF,	  controls	  subsequent	  cooling	  
rate	  >	  make	  steeper	  by	  suppressing	  mUrca	  process	  with	  proton	  superconducUvity	  
throughout	  core.	  

Cooling	  of	  Cas	  A	  NS:	  Evidence	  for	  an	  astrophysical	  superfluid	  transiUon?	  



	  
In	  the	  Minimal	  Cooling	  Paradigm,	  three	  addiUonal	  parameters	  affect	  the	  
cooling	  trajectories	  of	  the	  NSs	  (Page	  et	  al.2004):	  
	  
•  The	  equaUon	  of	  state	  (EOS)	  of	  nuclear	  ma]er	  (NM).	  
	  
•  The	  mass	  of	  light	  elements	  in	  the	  atmosphere	  ΔMlight	  parameterized	  as	  η=	  

log	  (ΔMlight)	  (best	  fit	  -‐13	  <	  η	  <	  -‐8	  (Yakovlev	  et	  al.	  2011))	  
	   	  -‐	  More	  light	  elements	  means	  higher	  thermal	  conducUvity	  and	  lower	  
	   	  	  	  core	  temperature	  for	  a	  given	  $T_{\rm	  eff}$.	  

	  
•  The	  mass	  of	  Cas	  ANS	  ≈	  1.25	  –	  2MSUN	  with	  a	  most	  likely	  value	  of	  1.65MSUN	  

Yakovlev	  et	  al.	  2011).	  

Cooling	  of	  Cas	  A	  NS:	  Parameter	  Space	  in	  Minimal	  Cooling	  Scenario	  
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ν-‐emission	  in	  Nuclear	  pasta:	  Bubble	  cooling	  processes	  

	  
•  Neutron	  sca]ering	  off	  of	  bubble	  phases	  of	  pasta	  can	  lead	  to:	  

	  dUrca	  (Gusakov	  et	  al.	  2004)	  
	  neutrino	  and	  anU-‐neutrino	  pair	  emission	  (Leinson	  1993)	  

•  Luminosity	  comparable	  with	  Modified	  Urca	  at	  core	  temperatures	  around	  
onset	  of	  PBF	  cooling	  phase	  

	  



•  NS	  Crust	  and	  core	  EOSs	  and	  composiUons	  calculated	  consistently	  using	  SkIUFSU	  Skyrme	  
model	  (Fa]oyev	  et	  al.	  2012)	  which	  is	  fit	  to	  nuclear	  properUes	  and	  ab-‐iniUo	  pure	  neutron	  
ma]er	  calculaUons.	  

•  Two	  Skyrme	  parameters	  are	  adjusted	  to	  vary	  the	  symmetry	  energy	  J	  and	  its	  density	  
slope	  L	  at	  n0.	  EOSs	  were	  created	  with	  L	  between	  30MeV	  and	  80MeV.	  

•  With	  a	  fixed	  stellar	  mass,	  as	  L	  increases,	  the	  stellar	  radius	  and	  crust	  thickness	  increases	  
and	  the	  fracUon	  of	  the	  crust	  by	  mass	  composed	  of	  the	  bubble	  phases	  decreases	  
(Newton	  et	  al.	  2013).	  

•  Cooling	  trajectories	  calculated	  using	  Dany	  Page’s	  public	  code	  NSCool	  

(SP	  -‐	  Schwenk	  2005,	  HS	  -‐	  Hebeler	  2010,	  LO	  -‐	  Gezerlis	  2013,	  
AV8+UIX	  -‐	  Gandolfi	  2010,	  APR	  -‐	  Akmal	  1998)	  

Model	  



Results	  

Even	  the	  lowest	  cooling	  rate	  (2%)	  
inferred	  by	  Elshamouty	  et	  al	  is	  relaUvely	  
rapid,	  favoring	  a	  relaUvely	  high	  core	  
temperature	  and:	  
•  Smaller	  value	  of	  L	  (smaller	  radii)	  
•  Smaller	  stellar	  masses	  M	  
•  Smaller	  η	  
•  Less	  cooling	  from	  BCPs.	  
	  



Results	  

Ranges	  of	  L	  for	  which	  model	  cooling	  trajectories	  fall	  within	  the	  inferred	  rate	  from	  
Elshamouty	  et	  al	  2013	  

With	  ν-‐emission	  processes	  from	  bubble	  phases	  of	  pasta,	  only	  a	  so�	  symmetry	  energy	  	  
L	  <	  45	  MeV	  matches	  the	  inferred	  cooling	  rate.	  	  



Conclusions	  

•  Within	  minimal	  cooling	  paradigm,	  and	  using	  the	  inferred	  Cas	  A	  NS	  cooling	  rate	  from	  	  
Elshamouty	  et	  al	  (2013),	  L	  <	  70	  MeV	  
•  	  With	  the	  addi*on	  of	  enhanced	  cooling	  from	  ν-‐emission	  processes	  in	  pasta	  phases	  	  
L	  <	  45	  MeV	  –	  i.e.	  cooling	  from	  the	  pasta	  phases	  can	  have	  an	  observable	  effect	  

CAVEATS	  
	  
•  Carbon	  atmosphere	  model	  preferred	  largely	  because	  it	  results	  in	  emidng	  area	  of	  

order	  neutron	  star	  size.	  
•  Enhanced	  superfluidity	  in	  crust	  would	  suppress	  ν-‐emission	  processes	  in	  pasta	  

phases	  (gap	  parameter	  space	  not	  explored	  here).	  
•  Posselt	  et	  al;	  arxiv:1311.0888	  –	  Chandra	  Cas	  A	  data	  consistent	  with	  no	  cooling	  in	  

past	  decade!	  


